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Abstract
Bagderina [1] solved the equivalence problem for scalar third-order ordinary dif-
ferential equations (ODEs), quadratic in the second-order derivative, via point trans-
formations. However, the question is open for the general class y′′′ = f(x, y, y′, y′′)
which is not quadratic in the second-order derivative. We utilize Lie’s infinitesimal
method to study the differential invariants of this general class under pseudo-group
1Author FM is visiting professorial fellow at UNSW, Sydney for 2014
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of fiber preserving equivalence transformations x¯ = φ(x), y¯ = ψ(x, y). As a result,
all third-order differential invariants of this group and the invariant differentiation
operators are determined. This leads to simple necessary explicit conditions for
a third-order ODE to be equivalent to the respective canonical form under the
considered group of transformations. Applications motivated by the literature are
presented.
Keywords: Lie’s infinitesimal method, differential invariants, third order ODEs, equiva-
lence problem, fiber preserving transformations, normal forms, Lie symmetries.
1 Introduction
Differential invariants play a significant role in a broad range of problems arising in dif-
ferential geometry, differential equations, mathematical physics and applications. For
instance, differential invariants have been particularly useful in dealing with the equiva-
lence problem for geometric structures [3], classification of invariant differential equations
and invariant variational problems [4, 5, 6, 7], integration of ordinary differential equa-
tions (ODEs) [5, 6], equivalence and symmetry properties of solutions [3], and in the
construction of particular solutions to systems of partial differential equations (PDEs)
[6, 8, 9, 10].
Lie [11] showed that every invariant system of differential equations [12] and variational
problem [14] can be directly expressed in terms of differential invariants. Along with
an illustration [12] of how differential invariants could be used to integrate ODEs, Lie
succeeded in completely classifying all the differential invariants for all possible finite-
dimensional Lie groups of point transformations in the complex plane.
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Tresse´ [15] and Ovsiannikov [6] gave prominence to Lie’s preliminary results on invariant
differentiations and the existence of finite bases of differential invariants. For the general
theory of differential invariants of Lie groups including algorithms of construction of dif-
ferential invariants, the interested reader is referred to [3, 6]. Ibragimov [16, 18] developed
a simple method for constructing invariants of families of linear and nonlinear differen-
tial equations admitting infinite equivalence transformation groups. Lie’s infinitesimal
method was applied to solve the equivalence problem for several linear and nonlinear dif-
ferential equations [19, 20, 21, 22, 23, 24, 25, 26, 27]. Cartan’s equivalence method [3, 28]
is another systematic approach to solve the equivalence problem for differential equations.
The linearization problem is a particular case of the equivalence problem.
Linearization criteria for a third-order ODE which are at most cubic in the second-order
derivative
y′′′ = a(x, y, y′)y′′3 + b(x, y, y′)y′′2 + c(x, y, y′)y′′ + d(x, y, y′) (1.1)
have been obtained in [29, 30] by Cartan’s method and then in [23] by the direct approach.
Lie [13] in fact was the first to note that the third-order ODE connected via contact
transformations to the simplest linear third-order ODE is at most cubic in the second-
order derivative of the form given above in (1.1). Recently, Bagderina [2] presented the
basis of differential invariants under the group of contact transformations for the family
of ODEs at most cubic in the second-order derivative (1.1) by using Lie’s method. She
also provided the operators of invariant differentiations.
By using Lie’s infinitesimal method, Bagderina [1] solved the equivalence problem of
third-order ODEs which are at most quadratic in the second-order derivative
y′′′ = a(x, y, y′)y′′2 + b(x, y, y′)y′′ + c(x, y, y′) (1.2)
with respect to the group of point equivalence transformations
x¯ = φ(x, y), y¯ = ψ(x, y). (1.3)
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As an extension, in this paper, we use Lie’s infinitesimal method to study the differential
invariants of the third-order ODEs
y′′′ = f(x, y, y′, y′′), (1.4)
which are not quadratic in the second-order derivative, under pseudo-group of fiber pre-
serving equivalence transformations
x¯ = φ(x), y¯ = ψ(x, y). (1.5)
The structure of the paper is as follows. In the next section, we give a short description of
Lie’s infinitesimal method to find the differential invariants and invariant differentiation
operators of the class of ODEs (1.4) with respect to the general group of point equivalence
transformations x¯ = φ(x, y), y¯ = ψ(x, y). In Section 3, using the methods described in
Section 2, first, we recover the infinitesimal point equivalence transformations. Then we
find the third-order differential invariants and invariant differentiation operators of the
class of ODEs (1.4), which are not quadratic in the second-order derivative, under two
subgroups of the general group of point equivalence transformations. In Section 4, we pro-
vide illustrative examples of equations not quadratic in the second-order derivative taken
from [17, 33, 34]. This is motivated by studies of this more general class for symmetry
properties in [17], exact solutions for certain third-order ODEs in [33], linearization and
equivalence under contact transformation for the class (1.1) in [23, 30, 2] as well as in the
definition of certain Einstein-Weyl geometry of hyper-CR type which is of recent interest
in physics [34]. Here we consider examples that are equivalent under the pseudo-group of
fiber preserving equivalence transformations. Another motivation for the examples con-
sidered is that third-order ODEs possessing the Painlev’e property for polynomial in its
lower order derivatives were also investigated, see e.g. [31, 32]. Finally the conclusion is
presented.
Throughout this paper, we use the notation A = [a1, a2, ..., an] to express any differential
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operator A =
n∑
j=1
aj
∂
∂bj
. Also, we denote y′, y′′ by p, q, respectively.
2 Lie’s infinitesimal method
In this section, we briefly describe the Lie method used to derive differential invariants
using point equivalence transformations.
Consider the kth-order system of PDEs of n independent variables x = (x1, x2, ..., xn) and
m dependent variables u = (u1, u2, ..., um)
Eα(x, u, ..., u(k)) = 0, α = 1, ..., m , (2.6)
where u(1), u(2), ..., u(k) denote the collections of all first, second, ..., kth-order partial
derivatives, i.e., uαi = Di(u
α), uαij = DjDi(u
α),...,respectively, in which the total differen-
tiation operator with respect to xi is
Di =
∂
∂xi
+ uαi
∂
∂uα
+ uαij
∂
∂uα
j
+ ..., i = 1, ..., n , (2.7)
with the summation convention adopted for repeated indices.
Definition 2.1. The Lie-Ba¨cklund operator is
X = ξi ∂
∂xi
+ ηα ∂
∂uα
ξi, ηα ∈ A , (2.8)
where A is the space of differential functions.
The operator (2.8) is an abbreviated form of the infinite formal sum
X(s) = ξi ∂
∂xi
+ ηα ∂
∂uα
+
∑
s≥1
ζαi1i2...is
∂
∂uα
i1i2...is
,
= ξiDi +W
α ∂
∂uα
+
∑
s≥1
Di1 ...Dis(W
α) ∂
∂uα
i1i2...is
,
(2.9)
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where the additional coefficients are determined uniquely by the prolongation formulae
ζαi = Di(η
α)− uαjDi(ξ
j) = Di(W
α) + ξjuαij,
ζαi1...is = Dis(ζ
α
i1...is−1
)− uαji1...is−1Dis(ξ
j) = Di1 ...Dis(W
α) + ξjuαji1...is, s > 1,
(2.10)
in which W α is the Lie characteristic function
W α = ηα − ξjuαj . (2.11)
Definition 2.2. The point equivalence transformation of a class of PDEs (2.6) is an
invertible transformation of the independent and dependent variables of the form
x¯ = φ(x, u), u¯ = ψ(x, u), (2.12)
that maps every equation of the class into an equation of the same family, viz.
Eα(x¯, u¯, ..., u¯(k)) = 0, α = 1, ..., m. (2.13)
In order to describe Lie’s infinitesimal method for deriving differential invariants using
point equivalence transformations, we use as example the class of equations (1.4). It is
well-known that the point equivalence transformation
x¯ = φ(x, y), y¯ = ψ(x, y), (2.14)
maps (1.4) into the same family, viz.
y¯′′′ = f¯(x¯, y¯, y¯′, y¯′′), (2.15)
for arbitrary functions φ(x, y) and ψ(x, y), where f¯ , in general, can be different from the
original function f . The set of all equivalence transformations forms a group denoted by
E .
The standard procedure for Lie’s infinitesimal invariance criterion [6] is implemented in
the next section to recover the continuous group of point equivalence transformations
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(2.14) for the class of third-order ODEs (1.4) with the corresponding infinitesimal point
equivalence transformation operator
Y = ξ(x, y)Dx +W∂y +Dx(W )∂p +D
2
x(W )∂q + µ(x, y, p, q, f)∂f , (2.16)
where ξ(x, y) and η(x, y) are arbitrary functions obtained from
x¯ = x+ ǫξ(x, y) +O(ǫ2) = φ(x, y), (2.17)
y¯ = y + ǫη(x, y) +O(ǫ2) = ψ(x, y), (2.18)
and
µ = D˙3x(W ) + ξ(x, y)D˙xf, (2.19)
with W = η − ξp and D˙x =
∂
∂x
+ p ∂
∂y
+ q ∂
∂p
+ f ∂
∂q
.
Definition 2.3. An invariant of a class of third-order ODEs (1.4) is a function of the
form
J = J(x, y, p, q, f), (2.20)
which is invariant under the equivalence transformation (2.14).
Definition 2.4. A differential invariant of order s of a class of third-order ODEs (1.4)
is a function of the form
J = J(x, y, p, q, f, f(1), f(2), ..., f(s)), (2.21)
which is invariant under the equivalence transformation (2.14) where f(1), f(2), ..., f(s) de-
note the collections of all first, second,..., sth-order partial derivatives.
Definition 2.5. An invariant system of order s of a class of third-order ODEs (1.4) is
the system of the form Eα(x, y, p, q, f, f(1), f(2), ..., f(s)) = 0, α = 1, ..., m which satisfies
the condition
Y (s)Eα(x, y, p, q, f, f(1), f(2), ..., f(s)) = 0 (mod Eα = 0, α = 1, ..., m), α = 1, ..., m.
(2.22)
An invariant system with α = 1 is called an invariant equation.
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Now, according to the theory of invariants of infinite transformation groups [6], the in-
variant criterion
Y J(x, y, p, q, f) = 0, (2.23)
should be split by means of the functions ξ(x, y) and η(x, y) and their derivatives. This
gives rise to a homogeneous linear system of PDEs whose solution gives the required
invariants.
It should be noted that since the generator Y contains arbitrary functions ξ(x, y) and
η(x, y), the corresponding identity (2.23) leads to m linear PDEs for J , where m is the
number of the arbitrary functions and their derivatives that appear in Y . We point out
that these m PDEs are not necessarily linearly independent.
In order to determine the differential invariants of order s, we need to calculate the
prolongations of the operator Y using (2.9) by considering f as a dependent variable and
the variables x, y, p, q as independent variables:
Y (s) = Y (x)D˜x + Y (y)D˜y + Y (p)D˜p + Y (q)D˜q + W˜
∂
∂f
+
∑
s≥1
D˜i1 ...D˜is(W˜ )
∂
∂fi1i2...is
,
i1, i2, ..., is ∈ {x, y, p, q},
(2.24)
where
D˜k = ∂k + fk∂f + fki∂fi + fkij∂fij + ..., i, j, k ∈ {x, y, p, q}. (2.25)
in which W˜ is the Lie characteristic function
W˜ = µ− Y (x)fx − Y (y)fy − Y (p)fp − Y (q)fq. (2.26)
The differential invariants are determined by the equations
Y (s)J(x, y, p, q, f, f(1), f(2), ..., f(s)) = 0. (2.27)
It should be noted that since the generator Y (s) contains arbitrary functions ξ(x, y) and
η(x, y), the corresponding identity (2.27) leads to m linear PDEs for J , where m is the
number of the arbitrary functions and their derivatives that appear in Y (s).
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For simplicity, from here on, we denote the derivative of f(x, y, p, q) with respect to the
independent variables x, y, p, q as f1, f2, f3, f4. The same notation will be used for higher-
order derivatives.
Now, in order to find all the third order differential invariants of the third-order ODE
(1.4), one can solve the invariant criterion (2.27) with s = 3. However, for compactness
of the derived differential invariants, one can replace any partial derivative with respect
to x by the total derivative with respect to x. So, we need to solve the following invariant
criterion
Y (3)J(x, y, p, q, f, f2, f3, f4, f2,2, f2,3, f2,4, f3,3, f3,4, f4,4, f2,2,2, f2,2,3, f2,2,4, f2,3,3, f2,3,4,
f2,4,4, f3,3,3, f3,3,4, f3,4,4, f4,4,4, d1,1, d1,2, d1,3, d1,4, d1,5, d1,6, d1,7, d1,8, d1,9, d1,10, d2,1, d2,2, d2,3, d2,4, d3,1) = 0,
(2.28)
by prolonging the infinitesimal operator Y (3) to the variables di,j through the infinitesimals
Y (3)di,j, where
d1,1 = D˙xf, d1,2 = D˙xf2, d1,3 = D˙xf3, d1,4 = D˙xf4, d1,5 = D˙xf2,2,
d1,6 = D˙xf2,3, d1,7 = D˙xf2,4, d1,8 = D˙xf3,3, d1,9 = D˙xf3,4, d1,10 = D˙xf4,4,
d2,1 = D˙
2
xf, d2,2 = D˙
2
xf2, d2,3 = D˙
2
xf3, d2,4 = D˙
2
xf4, d3,1 = D˙
3
xf.
(2.29)
Definition 2.6. An invariant differentiation operator of a class of third-order ODEs (1.4)
is a differential operator D which satisfies that if I is a differential invariant of ODE (1.4),
then DI is its differential invariant too.
As it is shown in [6], the number of independent invariant differentiation operators D
equals the number of independent variables x, y, p and q. The invariant differentiation
operators D should take the form
D = KD˜x + LD˜y +MD˜p +ND˜q, (2.30)
with the coordinates K,L,M and N satisfying the non-homogeneous linear system
Y (3)K = D(Y (x)), Y (3)L = D(Y (y)), Y (3)M = D(Y (p)), Y (3)N = D(Y (q)),
(2.31)
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where K,L,M and N are functions of the following variables
x, y, p, q, f, f2, f3, f4, f2,2, f2,3, f2,4, f3,3, f3,4, f4,4, f2,2,2, f2,2,3, f2,2,4, f2,3,3, f2,3,4, f2,4,4, f3,3,3, f3,3,4,
f3,4,4, f4,4,4, d1,1, d1,2, d1,3, d1,4, d1,5, d1,6, d1,7, d1,8, d1,9, d1,10, d2,1, d2,2, d2,3, d2,4, d3,1.
(2.32)
In reality, the general solution of the system (2.31) gives both the differential invariants
and the differential operators. This general solution can be found by prolonging the
infinitesimal operator Y (3) to the variables K,L,M and N through the infinitesimals
Y (3)K, Y (3)L, Y (3)M and Y (3)N respectively. Then solving the invariant criterion
Y (3)J(x, y, p, q, f, f2, f3, f4, f2,2, f2,3, f2,4, f3,3, f3,4, f4,4, f2,2,2, f2,2,3, f2,2,4, f2,3,3, f2,3,4, f2,4,4, f3,3,3, f3,3,4,
f3,4,4, f4,4,4, d1,1, d1,2, d1,3, d1,4, d1,5, d1,6, d1,7, d1,8, d1,9, d1,10, d2,1, d2,2, d2,3, d2,4, d3,1,K, L,M,N) = 0,
(2.33)
gives the implicit solution of the variables K,L,M and N with the differential invariants.
In this paper, we are interested in finding the third-order differential invariants and differ-
ential operators of the general class y′′′ = f(x, y, y′, y′′) under a subgroup of point trans-
formations (2.14), namely the fiber preserving transformations x = φ(x), y = ψ(x, y). So,
according to the theory of invariants of infinite transformation groups [6], the invariant
criterion (2.33) should be split by the functions ξ(x) and η(x, y) and their derivatives.
This gives rise to a homogeneous linear system of partial differential equations (PDEs):
XiJ = 0, i = 1 . . . 28, TiJ = 0, i = 1 . . . 7, (2.34)
where Xi, i = 1 . . . 28, are the differential operators corresponding to the coefficients of
the following derivatives of η(x, y) up to the sixth order in the invariant criterion
η, η1, η2, η1,1, η1,2, η2,2, η1,1,1, η1,1,2, η1,2,2, η2,2,2, η1,1,1,1, η1,1,1,2, η1,1,2,2, η1,2,2,2, η2,2,2,2, η1,1,1,1,1, η1,1,1,1,2,
η1,1,1,2,2, η1,1,2,2,2, η1,2,2,2,2, η2,2,2,2,2, η1,1,1,1,1,1, η1,1,1,1,1,2, η1,1,1,1,2,2, η1,1,1,2,2,2, η1,1,2,2,2,2, η1,2,2,2,2,2, η2,2,2,2,2,2
(2.35)
and Ti, i = 1 . . . 7, are the differential operators corresponding to the coefficients of the
following derivatives of ξ(x) up to the sixth order in the invariant criterion
ξ, ξ1, ξ1,1, ξ1,1,1, ξ1,1,1,1, ξ1,1,1,1,1, ξ1,1,1,1,1,1. (2.36)
The expressions for the differential operators Xi, i = 1 . . . 28 and Ti, i = 1 . . . 7 are
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therefore too large and these are given in the Appendix A, after relabeling the variables
x, y, p, q, f, f2, f3, f4, f2,2, f2,3, f2,4, f3,3, f3,4, f4,4, f2,2,2, f2,2,3, f2,2,4, f2,3,3, f2,3,4, f2,4,4, f3,3,3, f3,3,4,
f3,4,4, f4,4,4, d1,1, d1,2, d1,3, d1,4, d1,5, d1,6, d1,7, d1,8, d1,9, d1,10, d2,1, d2,2, d2,3, d2,4, d3,1,K,L,M,N,
(2.37)
by the variables zi, i = 1 . . . 43, respectively.
Functionally independent solutions of system (2.34) provide all independent differential
invariants of y′′′ = f(x, y, y′, y′′) up to the third order under the fiber preserving trans-
formation, as well as an implicit solution of the variables K,L,M and N which yield the
differential operators via (2.30) as explained in the next section.
The existence of the solutions for system (2.34) is proved by showing that the differential
operators Xi, i = 1 . . . 28 and Ti, i = 1 . . . 7 form a Lie algebra L35 [3, p.422, Theorem
14.1]. The nonzero commutators for the Lie algebra L35 are given in the Appendix B,
after relabeling the differential operatorsXi, i = 1 . . . 28 and Ti, i = 1 . . . 7 by the operators
ei, i = 1 . . . 35, respectively.
Using Appendix B, it can be seen that the Lie algebra L35 is solvable and has the chain
of Lie subalgebras 0 = G0 ⊳ G1 ⊳ G2 ⊳ G3 ⊳ G4 ⊳ G5 ⊳ G6 ⊳ G7 ⊳ G8 = L35 with each an
ideal in the next where
G1 = {e22, e23, e24, e25, e26, e27, e28},
G2 = G1 ∪ {e16, e17, e18, e19, e20, e21},
G3 = G2 ∪ {e11, e12, e13, e14, e15},
G4 = G3 ∪ {e7, e8, e9, e10},
G5 = G4 ∪ {e4, e5, e6},
G6 = G5 ∪ {e33, e34, e35},
G7 = G6 ∪ {e31, e32},
G8 = G7 ∪ {e1, e2, e3, e29, e30}.
(2.38)
In the next section, we solve the system (2.34) by using the chain (2.38). In more detail,
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as G1 is abelian, one can find its joint invariants by finding the invariants of its generators
in any order. Since G1 is an ideal in G2, the algebra G2 operates on the joint invariants
of G1. Moreover, as G1 is abelian, then the induced action of G2 on the joint invariants of
G1 is also abelian. Continuing in this manner, we obtain the joint invariants of the full
algebra.
The reader is further referred to [16] and [18, Section 10] for examples illustrating the
infinitesimal method.
3 Third-order differential invariants and invariant equa-
tions for y′′′ = f(x, y, y′, y′′)
3.1 The infinitesimal point equivalence transformations
In order to find continuous group of equivalence transformations of the class (1.4) we
consider the arbitrary function f that appears in our equation as a dependent variable and
the variables x, y, y′ = p, y′′ = q as independent variables and apply the Lie infinitesimal
invariance criterion [6], that is we look for the infinitesimal ξ, η and µ of the equivalence
operator Y :
Y = ξ(x, y)∂x + η(x, y)∂y + µ(x, y, p, q, f)∂f , (3.39)
such that its prolongation leaves the equation (1.4) invariant.
The prolongation of operator Y can be given using (2.9) as
Y = ξ(x, y)Dx +W∂y +Dx(W )∂p +D
2
x(W )∂q +D
3
x(W )∂y′′′ + µ(x, y, p, q, f)∂f , (3.40)
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where
Dx =
∂
∂x
+ p
∂
∂y
+ q
∂
∂p
+ y′′′
∂
∂q
+ y(4)
∂
∂y′′′
+ ...
is the operator of total derivative and W = η(x, y) − ξ(x, y)p is the characteristic of
infinitesimal operator X = ξ(x, y)∂x + η(x, y)∂y.
So, the Lie infinitesimal invariance criterion gives µ = D˙3x(W ) + ξ(x, y)D˙xf for arbitrary
functions ξ(x, y) and η(x, y) where D˙x =
∂
∂x
+ p ∂
∂y
+ q ∂
∂p
+ f ∂
∂q
.
Thus, equation (1.4) admits an infinite continuous group of equivalence transformations
generated by the Lie algebra LE spanned by the following infinitesimal operators
U = ξ(x, y)
∂
∂x
− pDx(ξ)∂p − (2qDx(ξ) + pD
2
x(ξ))∂q − (3fDx(ξ) + 3qD
2
x(ξ) + pD˙
3
x(ξ))∂f ,
(3.41)
V = η(x, y)∂y +Dx(η)∂p +D
2
x(η)∂q + D˙
3
x(η)∂f , (3.42)
The infinitesimal point equivalence transformations (3.41)-(3.42) can be written in the
finite form as in (2.17)-(2.18), respectively, where φ and ψ are arbitrary functions of the
indicated variables.
3.2 Third-order differential invariants and invariant equations
under the transformation x¯ = x, y¯ = ψ(x, y)
In this section, we derive all the third order differential invariants of the general class
y′′′ = f(x, y, y′, y′′) under a subgroup of point transformations (2.14), namely the trans-
formations x¯ = x, y¯ = ψ(x, y). Moreover, the invariant differentiation operators [6] are
constructed in order to get some higher-order differential invariants from the lower-order
ones. Precisely, we obtain the following theorem.
Theorem 3.1. Let y′′′ = f(x, y, y′, y′′) be the class of third-order ODE with f4,4,4 6= 0. All
the third order differential invariants, under the point transformations x¯ = x, y¯ = ψ(x, y),
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are functions of the following seventeen differential invariants
α1 = x, α2 =
λ5
λ4
, α3 =
λ6
λ4
2 , α4 =
λ7
λ4
2 , α5 =
λ8
λ4
2 , α6 =
λ9
λ4
2 ,
α7 =
λ10
λ4
2 , α8 =
λ11
λ4
2 , α9 = λ12, α10 = λ13, α11 =
λ14
λ4
, α12 =
λ15
λ4
,
α13 =
λ16
λ4
, α14 =
λ17
λ4
, α15 =
λ18
λ4
, α16 = λ19, α17 = λ20,
(3.43)
where {λi}
20
i=4 are the following relative invariants
λ4 = f4,4,
λ5 =
1
3 (2 f3,4f4 − 2f3f4,4 − 6f2,4 + 3f3,3) ,
λ6 = f4,4,4,
λ7 =
1
3 (2f4f4,4,4 + 3f3,4,4) ,
λ8 =
1
9
(
4f4,4,4f
2
4 + 12f4f3,4,4 + 4f4f
2
4,4 + 9f3,3,4 + 6f3,4f4,4
)
,
λ9 =
1
9
(
2f4,4,4f
2
4 + 2f4f
2
4,4 + 3f4f3,4,4 + 3f4,4,4f3 + 9f2,4,4 + 3f3,4f4,4
)
,
λ10 =
1
18 (−4f
2
4 f3,4,4 + 4f4f4,4,4f3 + 12f4f2,4,4 − 12f3,3,4f4 − 4f4f3,4f4,4 − 6f
2
3,4 − 9f3,3,3
+4f24,4f3 + 6f3f3,4,4 + 12f2,4f4,4 + 18f2,3,4),
λ11 =
1
27 (−4f4f3f
2
4,4 − 6f4,4f3,4f3 − 18f4,4f2,3 − 12f4,4f2,4f4 + 4f4,4f3,4f
2
4 − 6f4,4,4f
2
3 − 36f3f2,4,4
−4f3f4,4,4f
2
4 + 9f3f3,3,4 + 12f
2
3,4f4 + 9f3,4f3,3 + 4f
3
4f3,4,4 − 12f
2
4f2,4,4 + 12f3,3,4f
2
4
+9f4f3,3,3 − 54f2,2,4 + 27f2,3,3),
λ12 =
1
3 (−f
2
4 − 3f3 + 3D˙xf4),
λ13 =
1
9 (−2f
3
4 − 9f4f3 + 6f4D˙xf4 − 27f2 + 9D˙xf3),
λ14 =
1
3 (3D˙xf4,4 + f4,4f4),
λ15 =
1
9 (2f4,4f
2
4 + 3f3f4,4 + 6f4D˙xf4,4 − 9f2,4 + 9D˙xf3,4),
λ16 =
1
9 (4f
2
4 D˙xf4,4 − 2f
2
4f3,4 − 3f4f3,3 + 12f4D˙xf3,4 + 4f4f4,4D˙xf4 − 12f2,4f4 + 6f3,4D˙xf4 − 18f2,3 + 9D˙xf3,3),
λ17 =
1
27 (2f4,4f
3
4 − 6f
2
4 f3,4 + 6f
2
4 D˙xf4,4 − 9f4f3,3 + 12f4f3f4,4 + 9f4D˙xf3,4 − 9f2,4f4 + 9f3D˙xf4,4 − 27f2,3
+27f2f4,4 + 27D˙xf2,4),
λ18 =
1
27 (−9f
2
3f4,4 + 9f3D˙xf3,4 + 6f3f4D˙xf4,4 + 6f3f4,4D˙xf4 + 6f3f3,4f4 − 54f3f2,4 + 9f3f3,3 + 4f4,4f
2
4 D˙xf4
+6f3,4f4D˙xf4 + 18f2,4D˙xf4 + 27f2f3,4 − 2f3,4f
3
4 − 30f
2
4f2,4 + 18f4f4,4f2 + 4f
3
4 D˙xf4,4 + 12f
2
4 D˙xf3,4
−3f24f3,3 + 9f4D˙xf3,3 + 18f4D˙xf2,4 − 45f4f2,3 − 81f2,2 + 27D˙xf2,3),
λ19 =
1
9 (−2f
3
4 − 9f4f3 − 27f2 + 9D˙
2
xf4),
λ20 =
1
27 (−2f
4
4 − 12f
2
4f3 − 6f
2
4 D˙xf4 + 18f4D˙
2
xf4 − 27f4D˙xf3 − 18f
2
3 + 9f3D˙xf4 − 81D˙xf2 + 27D˙
2
xf3),
(3.44)
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Moreover, the invariant differential operators are
D1 =
1
f4,4
D˜q,
D2 =
1
f4,4
(3D˜p + 2f4D˜q),
D3 =
1
f4,4
(9D˜y + 3f4D˜p + (2f4
2 + 3f3)D˜q),
D4 = D˜x + pD˜y + qD˜p + fD˜q.
(3.45)
Proof. Functionally independent solutions of the subsystem
XiJ = 0, i = 1 . . . 28, (3.46)
of (2.34) provide all independent differential invariants of y′′′ = f(x, y, y′, y′′) up to the
third order under the transformations x¯ = x, y¯ = ψ(x, y), as well as an implicit solution
of the variables K,L,M and N which provide the differential operators via (2.30).
The solution of system (3.46) is found in two steps using Maple through the chain (2.38).
First we consider the following subsystem of equations (3.46)
XiJ = 0, i = 4 . . . 28. (3.47)
In 43-dimensional space of the variables zi, i = 1 . . . 43, the rank of the system (3.47) is
15
19, so it has 24 functionally independent solutions which are given as:
λ1 = z1,
λ2 = z2,
λ3 = z3,
λ4 = z14,
λ5 =
2
3 z13z8 −
2
3 z7z14 − 2 z11 + z12,
λ6 = z24,
λ7 =
2
3 z8z24 + z23,
λ8 =
4
9 z24z8
2 + 49 z8z14
2 + 43 z23z8 + z22 +
2
3 z13z14,
λ9 =
2
9 z24z8
2 + 13 z23z8 +
2
9 z8z14
2 + 13 z24z7 + z20 +
1
3 z13z14
λ10 = −
2
9 z8
2z23 −
2
3 z22z8 +
2
9 z8z24z7 +
2
3 z8z20 −
2
9 z8z13z14 −
1
3 z13
2 − 12 z21 +
1
3 z7z23 +
2
9 z14
2z7
+ 23 z14z11 + z19,
λ11 =
4
27 z8
3z23 −
4
27 z8
2z24z7 +
4
27 z8
2z13z14 +
4
9 z22z8
2 − 49 z8
2z20 −
4
27 z14
2z8z7 −
4
9 z8z14z11
+ 49 z13
2z8 +
1
3 z21z8 −
2
9 z13z7z14 +
1
3 z12z13 −
2
9 z24z7
2 + 13 z7z22 −
4
3 z7z20 − 2 z17 −
2
3 z14z10 + z18,
λ12 = −
1
3 z8
2 − z7 + z28,
λ13 = −
2
9 z8
3 − z7z8 +
2
3 z8z28 − 3 z6 + z27,
λ14 =
1
3 z14z8 + z34,
λ15 =
2
9 z14z8
2 + 23 z8z34 +
1
3 z7z14 − z11 + z33,
λ16 =
4
9 z8
2z34 −
2
9 z8
2z13 +
4
9 z8z14z28 +
4
3 z8z33 −
4
3 z11z8 −
1
3 z8z12 +
2
3 z28z13 − 2 z10 + z32,
λ17 =
2
27 z14z8
3 + 49 z14z7z8 + z6z14 −
2
9 z8
2z13 +
2
9 z8
2z34 +
1
3 z8z33 −
1
3 z11z8 −
1
3 z8z12 +
1
3 z7z34 − z10 + z31,
λ18 =
4
27 z8
3z34 −
2
27 z8
3z13 −
10
9 z8
2z11 +
4
27 z8
2z14z28 −
1
9 z8
2z12 +
4
9 z8
2z33
+ 29 z8z13z7 +
2
3 z8z6z14 +
1
3 z8z32 +
2
3 z8z31 −
5
3 z8z10 +
2
9 z8z7z34 +
2
9 z8z28z13
+ 29 z14z28z7 −
1
3 z14z7
2 + 23 z28z11 + z30 − 3 z9 − 2 z7z11 + z6z13 +
1
3 z7z33 +
1
3 z7z12,
λ19 = −
2
9 z8
3 − z7z8 − 3 z6 + z38,
λ20 = −
2
27 z8
4 − 49 z8
2z7 −
2
9 z8
2z28 − z8z27 +
2
3 z8z38 −
2
3 z7
2 + 13 z28z7 − 3 z26 + z37,
(3.48)
and
λ21 = z40,
λ22 = z41,
λ23 =
1
3 z8z40z3 −
1
3 z41z8 − z40z4 + z42,
λ24 =
2
3 z40z8z4 +
1
3 z40z7z3 − z40z5 −
1
3 z7z41 −
2
3 z8z42 + z43,
(3.49)
In variables λi, i = i = 1 . . . 24, the remaining non-zero operators in system (3.46) take
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the form
X1 = [0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0],
X2 = [0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, λ21 , 0, 0],
X3 = [0, 0, λ3,−λ4,−λ5,−2λ6,−2λ7,−2λ8,−2λ9,−2λ10,
−2λ11, 0, 0,−λ14,−λ15,−λ16,−λ17,−λ18, 0, 0, 0, λ22 , λ23, λ24],
(3.50)
Finally, we consider the following subsystem of equations (2.34)
XiJ = 0, i = 1 . . . 3. (3.51)
In 24-dimensional space of variables λi, i = 1 . . . 24, the rank of the system (3.51) is 3, so
it has 21 functionally independent solutions which are given as:
α1 = x, α2 =
λ5
λ4
, α3 =
λ6
λ4
2 , α4 =
λ7
λ4
2 , α5 =
λ8
λ4
2 , α6 =
λ9
λ4
2 ,
α7 =
λ10
λ4
2 , α8 =
λ11
λ4
2 , α9 = λ12, α10 = λ13, α11 =
λ14
λ4
, α12 =
λ15
λ4
,
α13 =
λ16
λ4
, α14 =
λ17
λ4
, α15 =
λ18
λ4
, α16 = λ19, α17 = λ20,
(3.52)
and
α18 = λ21, α19 = −λ4 (λ3λ21 − λ22) , α20 = λ4λ23, α21 = λ4λ24. (3.53)
Here α18, α19, α20 and α21 are the only invariants depending on the variables K,L,M and
N . Then the general solution of (2.31) , for ξ = 0, η = η(x, y), can be given implicitly by
back substitution as
K = F1 ,
f4,4 (pK − L) = F2 ,
f4,4 (f4(pK − L)− 3(qK −M)) = F3 ,
f4,4 (f3(pK − L) + 2f4(qK −M)− 3(fK −N)) = F4 .
(3.54)
where F1, F2, F3 and F4 are the arbitrary functions of αi, i = 1...17.
Finally, solving system (3.54) gives the variables K,L,M and N in terms of four arbi-
trary functions F1, F2, F3 and F4 which provide four independent invariant differentiation
operators D1,D2,D3 and D4 via (2.30).
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3.3 Third-order differential invariants and invariant equations
under the fiber preserving transformation x¯ = φ(x), y¯ = ψ(x, y)
This section is devoted to the derivation of all third order differential invariants of the
general class y′′′ = f(x, y, y′, y′′) under a subgroup of point transformations (2.14), namely
the fiber preserving transformations x¯ = φ(x), y¯ = ψ(x, y). The invariant differentiation
operators are also constructed. Precisely, we obtain the following theorem.
Theorem 3.2. Let y′′′ = f(x, y, y′, y′′) be the class of third-order ODE with f4,4,4 6= 0. All
the third order differential invariants, under pseudo-group of fiber preserving transforma-
tions x¯ = φ(x), y¯ = ψ(x, y), are functions of the following eleven differential invariants
β1 =
γ6γ5
γ44
, β2 =
γ7γ5
γ44
, β3 =
γ8γ5
2
γ46
, β4 =
γ9γ5
3
γ48
, β5 =
γ5
2γ10
γ44
, β6 =
γ5γ11
γ43
,
β7 =
γ12γ5
2
γ45
, β8 =
γ13γ5
3
γ47
, β9 =
γ14γ5
3
γ47
, β10 =
γ15γ5
4
γ49
, β11 =
γ16γ5
3
γ46
,
(3.55)
where {γi}
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i=4 are relative invariants given by (3.59).
Moreover, the invariant differential operators are
D1 =
f4,4
f4,4,4
D˜q,
D2 =
1
f4,4f4,4,4
(
f4,4,4D˜p − f3,4,4D˜q
)
,
D3 =
1
f4
4,4
f4,4,4
(
6f4,4f
2
4,4,4D˜y − 2f4,4f4,4,4(f4f4,4,4 + 3f3,4,4)D˜p + (3f4,4f
2
3,4,4 + f
2
4,4,4 (3f3,3 + 2f3,4f4 − 6f2,4))D˜q
)
,
D4 =
f4,4,4
f2
4,4
(
D˜x + pD˜y + qD˜p + fD˜q
)
.
(3.56)
Proof. Functionally independent solutions of the system (2.34) provide all independent
differential invariants of y′′′ = f(x, y, y′, y′′) up to the third order under the fiber preserving
transformations x¯ = φ(x), y¯ = ψ(x, y), as well as an implicit solution of the variables
K,L,M and N which provide the differential operators via (2.30).
In variables λi, i = i = 1 . . . 24, given in (3.44), the remaining non-zero operators in system
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(2.34) take the form
X1 = [0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0],
X2 = [0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, λ21 , 0, 0],
X3 = [0, 0, λ3,−λ4,−λ5,−2λ6,−2λ7,−2λ8,−2λ9,−2λ10,
−2λ11, 0, 0,−λ14,−λ15,−λ16,−λ17,−λ18, 0, 0, 0, λ22 , λ23, λ24],
T1 = [1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0],
T2 = [0, 0,−λ3, λ4,−λ5, 3λ6, 2λ7, λ8, λ9, 0,−λ11,−2λ12,−3λ13, 0,
−λ15,−2λ16,−2λ17,−3λ18,−3λ19,−4λ20, λ21, 0,−λ23,−2λ24],
T3 = [0, 0, 0, 0, 0, 0,−λ6 ,−
2
3 λ4
2 − 2λ7,−λ7 −
1
3 λ4
2, 12 λ8 − λ9, 2λ10 +
1
3 λ4λ5, 0,−λ12, 0,
−λ14,−
2
3 λ4λ12 − 2λ15, λ5 − λ15,−λ16 − λ17,−3λ12,−2λ13 − λ19, 0, 0,−λ21λ3 + λ22, λ23],
T4 = [0, 0, 0, 0,
2
3 λ4, 0, 0, 0,−
1
3 λ6,−
1
3 λ7 −
2
9 λ4
2,−13 λ8 +
4
3 λ9,−2, 0, 0,
2
3 λ4, 0,
−13 λ14,−
2
9 λ4λ12 −
1
3 λ5 −
1
3 λ15, 0,
5
3 λ12, 0, 0, 0,−
1
3 λ21λ3 +
1
3 λ22],
T5 = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,−1, 0, 0, 0, 0, 0,−3, 0, 0, 0, 0, 0],
T6 = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,−1, 0, 0, 0, 0].
(3.57)
The solution of system (3.57) is found in two steps using Maple through the chain (2.38).
First we consider the following subsystem of equations (3.57)
TiJ = 0, i = 3 . . . 6. (3.58)
In 24-dimensional space of variables λi, i = 1 . . . 24, the rank of the system (3.58) is 4, so
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it has 20 functionally independent solutions which are given as:
γ1 = λ1,
γ2 = λ2,
γ3 = λ3,
γ4 = λ4,
γ5 = λ6,
γ6 = −
2λ4
2λ7+3λ7
2
−3 λ6λ8
3λ6
,
γ7 = −
2λ4
3λ7+3λ7
2λ4−3 λ6
2λ5−6λ6λ4λ9
6λ6λ4
,
γ8 =
2λ6λ4λ5+6λ6λ10−6λ7λ9+3λ7λ8
6λ6
,
γ9 =
4λ6λ4
3λ7λ5+6λ4
2λ6
2λ11+12λ4
2λ6λ7λ10−6λ4
2λ7
2λ9+3 λ4
2λ7
2λ8+3λ6
2λ4λ5λ8−12λ6
2λ4λ5λ9+3λ6λ4λ5λ7
2
−3λ6
3λ5
2
6λ62λ42
,
γ10 =
3λ5+λ4λ12
λ4
,
γ11 = λ14,
γ12 = −
λ14λ7+λ6λ5−λ6λ15
λ6
,
γ13 = −
−3λ16λ6
2+6λ6λ7λ15+2λ6λ7λ4λ12−3λ14λ7
2
3λ62
,
γ14 =
2λ4λ6
2λ17+2 λ4λ6λ7λ5−2λ4λ6λ7λ15+λ4λ14λ7
2+λ6
2λ5λ14
2λ62λ4
γ15 =
2λ6
3λ4λ5λ12+6 λ6
3λ4λ18+3λ6
3λ5
2+3 λ6
3λ5λ15
6λ4λ63
,
+−6λ7λ6
2λ4λ17−6λ7λ6
2λ4λ16−3λ7λ6
2λ5λ14−3λ6λ4λ5λ7
2+9λ7
2λ4λ6λ15+2λ7
2λ4
2λ6λ12−3 λ14λ7
3λ4
6λ4λ63
,
γ16 = −3λ13 + λ19,
γ17 = λ21,
γ18 = λ22,
γ19 = −
λ7λ21λ3−λ7λ22−λ23λ6
λ6
,
γ20 = −
−2λ4λ6
2λ24−2λ4λ7λ23λ6+λ4λ7
2λ21λ3−λ4λ7
2λ22−λ6
2λ5λ21λ3+λ6
2λ5λ22
2λ62λ4
,
(3.59)
In variables γi, i = 1 . . . 20, the remaining non-zero operators in system (3.57) take the
form
X1 = [0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0],
X2 = [0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, γ17 , 0, 0],
X3 = [0, 0, γ3,−γ4,−2 γ5,−2 γ6,−2 γ7,−2 γ8,−2 γ9, 0,−γ11,−γ12,−γ13,−γ14,−γ15, 0, 0, γ18, γ19, γ20],
T1 = [1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0],
T2 = , [0, 0,−γ3, γ4, 3 γ5, γ6, γ7, 0,−γ9,−2 γ10, 0,−γ12,−2 γ13,−2 γ14,−3 γ15,−3 γ16, γ17, 0,−γ19,−2 γ20]
(3.60)
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Finally, we consider the following subsystem of equations (2.34)
XiJ = 0, i = 1 . . . 3, TkJ = 0, k = 1 . . . 2. (3.61)
In 20-dimensional space of variables γi, i = 1 . . . 20, the rank of the system (3.61) is 5, so
it has 15 functionally independent solutions which are given as:
β1 =
γ6γ5
γ44
, β2 =
γ7γ5
γ44
, β3 =
γ8γ5
2
γ46
, β4 =
γ9γ5
3
γ48
, β5 =
γ5
2γ10
γ44
, β6 =
γ5γ11
γ43
,
β7 =
γ12γ5
2
γ45
, β8 =
γ13γ5
3
γ47
, β9 =
γ14γ5
3
γ47
, β10 =
γ15γ5
4
γ49
, β11 =
γ16γ5
3
γ46
(3.62)
and
β12 =
γ17γ4
2
γ5
, β13 = −
(γ17γ3−γ18)γ43
γ5
, β14 = γ19γ4, β15 =
γ5γ20
γ4
. (3.63)
Here β12, β13, β14 and β15 are the only invariants depending on the variables K,L,M and
N . Then the general solution of (2.31), for ξ = ξ(x), η = η(x, y), can be given implicitly
by back substitution as
f2
4,4
f4,4,4
K = F1 ,
f3
4,4
f4,4,4
(pK − L) = F2 ,
f4,4
f4,4,4
((f4f4,4,4 + 3f3,4,4)(pK − L) + 3f4,4,4(qK −M)) = F3 ,
1
f2
4,4f4,4,4
((f4,4f3,4,4(2 f4f4,4,4 + 3f3,4,4)− f4,4,4
2(2f3,4f4 − 6 f2,4 + 3 f3,3))(pK − L)
+6 f4,4f3,4,4f4,4,4(qK −M) + 6f4,4f4,4,4
2( fK − N)) = F4.
(3.64)
where F1, F2, F3 and F4 are the arbitrary functions of βi, i = 1...11.
Finally, solving system (3.64) gives the variables K,L,M and N in terms of four arbi-
trary functions F1, F2, F3 and F4 which provide four independent invariant differentiation
operators D1,D2,D3 and D4 via (2.30).
4 Illustrative Examples of Equivalent Equations
We present illustrative examples of third-order ODEs, not quadratic in the second-order
derivative, taken from the works [17, 33, 34]. In these studies, the symmetry algebra
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properties were investigated in [17], exact solutions for certain classes of third-order ODEs
in [33] and a characterization of Lorentzian three-dimensional hyper-CR Einstein-Weyl
structures in terms of invariants of the associated third-order ODEs in [34].
Example 4.1. The invariants obtained here may be used when we need to prove the
nonequivalence of two given equations under fiber preserving point transformations. Con-
sider the equation
y¯′′′ = y¯′′4, (4.65)
with the invariants, given by Theorem 3.2, as
β¯1 = 0, β¯2 = 0, β¯3 = 0, β¯4 = 0, β¯5 =
5
27
, β¯6 =
5
9
, β¯7 = 0, β¯8 = 0, β¯9 = 0, β¯10 = 0, β¯11 =
5
243
,
(4.66)
and the equation
y′′′ = y′′
3
, (4.67)
with the invariants, via Theorem 3.2,
β1 = 0, β2 = 0, β3 = 0, β4 = 0, β5 =
1
12
, β6 =
1
3
, β7 = 0, β8 = 0, β9 = 0, β10 = 0, β11 = 0.
(4.68)
Since their respective invariants are not equal, these two equations (4.65) and (4.67) are
obviously nonequivalent with respect to the fiber preserving transformations x¯ = φ(x), y¯ =
ψ(x, y).
Example 4.2. Consider the equation [33, Section 3.2], also listed in [17, Section 8.3.3],
y¯′′′ = A y¯′′δ, δ 6= 0, 1, 2 (4.69)
and by setting δ = 3 this becomes
y¯′′′ = A y¯′′3. (4.70)
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We know the invariants of (4.70) by Theorem 3.2 which are given in (4.68). By means of
the fiber preserving transformation
x¯ = ln x, y¯ = x+ y (4.71)
this equation (4.70) transforms to
x3y′′′ + 3x2y′′ + xy′ + x = A(x+ xy′ + x2y′′)3. (4.72)
Equation (4.72) also has the same values of the invariants as given in (4.68).
Now we focus our attention on the third-order ODE
3
y′5
y′′2 −
1
y′4
y′′′ = −A
(
y′′
y′3
)3
(4.73)
This equation (4.73) maps to (4.70) via the interchange transformation
x¯ = y, y¯ = x (4.74)
but this transformation is not fiber preserving. The invariants for this ODE (4.73) are
not identically constant and so there is no fiber preserving transformation between ODEs
(4.73) and (4.70).
Remark 4.3. The special case, of the third order ODE (4.69),
y¯′′′ = y¯′′
3
2 (4.75)
defines Einstein-Weyl geometry of hyper-CR type and is of recent interest in physics [34].
It can be characterized by the invariants, by Theorem 3.2, as
β¯i = 0, i = 1..11. (4.76)
Example 4.4. Consider the equation [33, Section 3.2]
y¯′′′ = A x¯α y¯′′δ, δ 6= 0, 1, 2 (4.77)
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with the only nonzero third order invariants, by Theorem 3.2, given by
β¯5 =
(2 δ−3)(δ−2)2
3δ (δ−1)2
+ α (δ−2)
2
Aδ(δ−1)2
s, β¯6 =
2(δ−2)(2δ−3)
3δ(δ−1)
+ α(δ−2)
Aδ(δ−1)
s,
β¯11 =
2(δ−2)3(δ−3)(2δ−3)
9δ2(δ−1)3
+ α (δ−2)
3(δ−3)
Aδ2(δ−1)3
s+ α (α−1)(δ−2)
3
A2δ2(δ−1)3
s2,
(4.78)
where s = x¯(−1−α)y¯′′(1−δ).
It is clear here that the invariants (4.78) are not identically constant. However, their
image using a fiber preserving transformation should match the corresponding differential
invariants of the transformed equation using the same fiber preserving transformation
such that
β¯5(x¯, y¯, y¯
′, y¯′′) = β5(x, y, y
′, y′′), β¯6(x¯, y¯, y¯
′, y¯′′) = β6(x, y, y
′, y′′), β¯11(x¯, y¯, y¯
′, y¯′′) = β11(x, y, y
′, y′′).
(4.79)
We take α = 3, δ = 4 for illustration. Then write this as the transformed third-order
ODE
y¯′′′ = A x¯3y¯′′4. (4.80)
The only nonzero third order invariants of (4.80), by Theorem 3.2, are the following
polynomials
β¯5 =
5
27
+ 1
3A
s, β¯6 =
5
9
+ 1
2A
s, β¯11 =
5
243
+ 1
18A
s+ 1
9A2
s2, (4.81)
where s = x¯−4y¯′′−3.
By means of the fiber preserving transformation
x¯ =
1
x
, y¯ =
y
x
(4.82)
this equation (4.80) transforms to
y′′′ = −A x4y′′
4
− 3
y′′
x
. (4.83)
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The only nonzero third order invariants of (4.83), by Theorem 3.2, are
β5 =
5
27
+ 1
3A
s¯, β6 =
5
9
+ 1
2A
s¯, β11 =
5
243
+ 1
18A
s¯+ 1
9A2
s¯2, (4.84)
where s¯ = x−5y′′−3.
Since the transformation (4.82) transforms the variable s to the variable s¯, then the system
(4.79) is satisfied.
Remark 4.5. Using (4.81), it is clear that the variable s is invariant and can be given as
s = A(3β¯5 −
5
9
). Therefore, one can use any symbolic package such as Maple or Mathe-
matica to study the equivalence of any ODE y′′′ = f(x, y, y′, y′′) to the ODE (4.80) via the
fiber preserving transformations x¯ = φ(x), y¯ = ψ(x, y). This can be done by comparing
the differential invariants (3.55) calculated directly from the ODE y′′′ = f(x, y, y′, y′′) and
the invariants (4.81) after replacing the variables s by s¯ = A(3β5 −
5
9
). Moreover, the
relation s = s¯ may help in constructing the fiber preserving transformation.
Remark 4.6. The invariants (4.81) are not identically constants. However, one can
use them to construct identically constant invariants by eliminating the variable s. For
examples, the following invariants I¯1 and I¯2 are identically zero
I¯1 = 3β¯5 − 2β¯6 +
5
9
= 0, I¯2 =
5
243
+ 1
18
(3β¯5 −
5
9
) + 1
9
(3β¯5 −
5
9
)2 − β¯11 = 0. (4.85)
Example 4.7. Consider the equation [33, Section 3.2]
y¯′′′ = A y¯(−7) y¯′7 y¯′′3. (4.86)
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The third order invariants, by Theorem 3.2, are the following polynomials
β¯1 = −
7
9
s2 − 7
18
s,
β¯2 = −
7
72
s3t− 7
12
s2 − 7
24
s,
β¯3 =
49
432
s4t+ 7
27
s3 + 35
432
s2,
β¯4 =
35
2592
s6t2 + 245
1296
ts5 +
(
245
648
+ 49
1944
t
)
s4 + 161
1296
s3 + 7
864
s2,
β¯5 =
7
12
s3t +
(
7
12
− 7
12
t
)
s2 + 7
12
s+ 1
12
,
β¯6 = −
7
6
ts2 + 7
6
s+ 1
3
,
β¯7 =
7
12
s3t− 35
36
s2 − 7
36
s,
β¯8 = −
245
648
s4t+
(
7
18
+ 49
216
t
)
s3 − 35
216
s2 − 7
216
s,
β¯9 =
7
432
t2s5 + 49
1296
s4t +
(
49
108
+ 7
432
t
)
s3 + 35
432
s2,
β¯10 = −
217
7776
s6t2 − 343
2592
ts5 +
(
− 49
432
− 245
3888
t
)
s4 + 175
2592
s3 + 35
2592
s2,
β¯11 =
7
9
t2s4 − 35
36
s3t,
(4.87)
where s = y¯7y¯′(−8)y¯′′(−1) and t = y¯(−8)y¯′(10).
By means of the fiber preserving transformation
x¯ =
x
x− 1
, y¯ =
y
x− 1
(4.88)
this equation (4.86) transforms to
y′′′ =
y′′
(
(y′x− y′ − y)7 (x− 1)12 y′′2 − 3 y7
)
y7 (x− 1)
. (4.89)
The third order invariants calculated directly from the ODE (4.89), by Theorem 3.2,
match the invariants (4.87) after replacing the variables s and t by their image s¯ =
(x − 1)(−10)y7(y′ − xy′ + y)(−8)y′′(−1) and t¯ = (x − 1)8y(−8)(y′ − xy′ + y)10 under the
transformation (4.88).
This completes the examples.
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5 Conclusion
We have provided an extension of the work of Bagderina [1] who solved the equiva-
lence problem for scalar third-order ordinary differential equations (ODEs), quadratic in
the second-order derivative, via point transformations. Here we considered the equiva-
lence problem for third-order ODEs of the general form y′′′ = f(x, y, y′, y′′), which are
not quadratic in the second-order derivative, under the pseudo-group of fiber preserving
equivalence transformations x¯ = φ(x), y¯ = ψ(x, y). We utilized Lie’s infinitesimal method
to obtain the differential invariants of this general class of ODEs with f not quadratic in
y′′. All third order differential invariants of this pseudo-group and the invariant differ-
entiation operators were determined. These are stated as two Theorems 3.1 and 3.2 in
Section 3. These yield simple necessary explicit conditions for a third-order ODE to be
equivalent to the respective canonical form under pseudo-group of point transformations.
As illustrative examples, we gave a number of equations from the existing literature in
Section 4.
It would be of further interest to look at the equivalence problem under a more general
equivalence group of point transformations. This necessitate further coding in Maple or
Mathematica in order to facilitate the large calculations which also have prevailed for the
pseudo-group of fiber preserving point transformations considered in this work.
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Appendix A: The differential operators of the homo-
geneous linear system of PDEs (2.34)
X1 = [0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
0, 0, 0, 0, 0, 0]
X2 = [0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
0, 0, 0, z40, 0, 0]
X3 = [0, 0, z3, z4, z5, 0, 0, 0,−z9,−z10,−z11,−z12,−z13,−z14,−2 z15,−2 z16,−2 z17,−2 z18,
−2 z19,−2 z20,−2 z21,−2 z22,−2 z23,−2 z24, z25, 0, 0, 0,−z29,−z30,−z31,−z32,−z33,
−z34, z35, 0, 0, 0, z39, 0, z41, z42, z43]
X4 = [0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
0, 0, 0, 0, z40, 0]
X5 = [0, 0, 0, 2 z3, 3 z4,−z7,−2 z8, 3,−2 z10,−2 z11 − z12,−z13,−4 z13,−2 z14, 0,−3 z16,−2 z18
−2 z17,−2 z19,−z21 − 4 z19,−2 z20 − z22,−z23,−6 z22,−4 z23,−2 z24, 0, 4 z5,−z27,−2 z28,
0,−z9 − 2 z30,−z32 − z10 − 2 z31,−z11 − z33,−z12 − 4 z33,−z13 − 2 z34,−z14, 5 z25,−z37,
−2 z38, 0, 6 z35, 0, 0, z41 + z40z3, 2 z42 + z40z4]
X6 = [0, 0, 0, z3
2, 3 z3z4, z5 − z8z4 − z7z3, 3 z4 − 2 z8z3, 3 z3, z6 − 2 z3z10 − 2 z4z11,−z4z13 − 2 z3z11
−z3z12,−z3z13 − z4z14,−2 z8 − 4 z3z13, 3− 2 z3z14, 0,−3 z3z16 − 3 z4z17,−2 z4z19 − 2 z3z17
−2 z3z18 − z10,−z11 − 2 z3z19 − 2 z4z20,−z12 − z3z21 − 2 z11 − 4 z3z19 − z4z22,−z13 − z3z22
−2 z3z20 − z4z23,−z4z24 − z14 − z3z23,−6 z13 − 6 z3z22,−2 z14 − 4 z3z23,−2 z3z24, 0, 3 z4
2
+4 z5z3, z25 − z5z8 − z4z28 − z7z4 − z3z27, 3 z5 − 2 z3z28 − 2 z8z4, 3 z4,−z3z9 + z26 − 2 z4z31
−2 z3z30 − 2 z4z10 − 2 z5z11,−z5z13 − z4z12 − z3z10 − 2 z3z31 − 2 z4z11 − z3z32 − z4z33,−z4z13
−z3z11 − z3z33 − z5z14 − z4z34,−2 z28 − 4 z4z13 − z3z12 − 4 z3z33,−2 z3z34 − z3z13 − 2 z4z14,
−z3z14, 10 z5z4 + 5 z3z25, z35 − 2 z5z28 − 2 z4z27 − z8z25 − z3z37 − z4z38 − z5z7, 3 z25 − 2 z5z8
−4 z4z28 − 2 z3z38, 3 z5, 10 z5
2 + 6 z3z35 + 15 z4z25, 0, 0, z41z3, z41z4 + 2 z42z3]
28
X7 = [0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
0, 0, 0, 0, 0, z40]
X8 = [0, 0, 0, 0, 3 z3,−z8, 3, 0,−2 z11,−z13,−z14, 0, 0, 0,−3 z17,−2 z19,−2 z20,−z22,−z23,
−z24, 0, 0, 0, 0, 6 z4,−z28 − z7,−2 z8, 3,−2 z10 − 2 z31,−2 z11 − z12 − z33,−z13 − z34,
−4 z13,−2 z14, 0, 10 z5,−2 z27 − z38,−4 z28, 0, 15 z25, 0, 0, 0, z41 + 2 z40z3]
X9 = [0, 0, 0, 0, 3 z3
2, 3 z4 − 2 z8z3, 6 z3, 0,−4 z3z11 − z7,−2 z3z13 − 2 z8, 3− 2 z3z14, 6, 0,
0,−6 z3z17 − 3 z10,−4 z3z19 − z12 − 4 z11,−4 z3z20 − z13,−2 z3z22 − 4 z13,−2 z3z23
−2 z14,−2 z3z24, 0, 0, 0, 0, 12 z3z4,−3 z8z4 − 2 z7z3 − 2 z3z28 + 4 z5,−4 z8z3 + 9 z4,
6 z3,−6 z4z11 − 4 z3z10 − 4 z3z31 − z27 + z6,−3 z4z13 − 4 z3z11 − 2 z3z12 − 2 z3z33
−2 z28,−3 z4z14 − 2 z3z13 − 2 z3z34,−8 z3z13 − 2 z8,−4 z3z14 + 3, 0, 20 z5z3 + 15 z4
2,
−2 z3z38 − 3 z7z4 − 4 z5z8 − 4 z3z27 − 6 z4z28 + 5 z25,−6 z8z4 − 8 z3z28 + 12 z5, 9 z4,
30 z3z25 + 60 z5z4, 0, 0, 0, z40z3
2 + 2 z41z3]
X10 = [0, 0, 0, 0, z3
3,−z8z3
2 + 3 z3z4, 3 z3
2, 0,−z8z4 − 2 z3
2z11 − z7z3 + z5,−z3
2z13 − 2 z8z3
+3 z4, 3 z3 − z3
2z14, 6 z3, 0, 0,−3 z3z10 − 3 z4z11 − 3 z3
2z17 + 2 z6,−2 z3
2z19 − 4 z3z11
−z4z13 − z3z12,−2 z3
2z20 − z3z13 − z4z14,−4 z3z13 − z3
2z22 − 2 z8, 3− 2 z3z14 − z3
2z23,
−z3
2z24, 6, 0, 0, 0, 6 z3
2z4,−z3
2z28 + 4 z5z3 − 3 z8z3z4 − z7z3
2 + 3 z4
2,−2 z8z3
2 + 9 z3z4,
3 z3
2,−2 z3
2z31 − 2 z3
2z10 + z6z3 − 6 z3z4z11 − z3z27 − z4z28 − z5z8 − z7z4 + z25,−2 z8z4
−2 z3
2z11 − 2 z3z28 − 3 z3z4z13 − z3
2z33 − z3
2z12 + 3 z5,−z3
2z13 − 3 z3z4z14 − z3
2z34 + 3 z4,
−4 z3
2z13 − 2 z8z3 + 6 z4, 3 z3 − 2 z3
2z14, 0, 15 z3z4
2 + 10 z5z3
2,−3 z8z4
2 − 2 z3
2z27 + 10 z5z4
+5 z3z25 − 4 z5z8z3 − 3 z7z3z4 − 6 z3z4z28 − z3
2z38,−4 z3
2z28 + 12 z5z3 − 6 z8z3z4 + 9 z4
2,
9 z3z4, 15 z3
2z25 + 60 z5z3z4 + 15 z4
3, 0, 0, 0, z41z3
2]
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X11 = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
0, 0, 0, 0, 0, 0]
X12 = [0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 4 z3,−z8, 3, 0,−2 z11,−z13,
−z14, 0, 0, 0, 10 z4,−z7 − 2 z28,−2 z8, 3, 20 z5, 0, 0, 0, 0]
X13 = [0, 0, 0, 0, 0, 3 z3, 0, 0,−z8, 3, 0, 0, 0, 0,−3 z11,−z13,−z14, 0, 0, 0, 0, 0, 0, 0, 6 z3
2, 6 z4
−3 z8z3, 9 z3, 0,−z7 − z28 − 6 z3z11,−2 z8 − 3 z3z13, 3− 3 z3z14, 6, 0, 0, 30 z3z4, 10 z5
−6 z3z28 − 3 z7z3 − 6 z8z4, 18 z4 − 6 z8z3, 9 z3, 45 z4
2 + 60 z5z3, 0, 0, 0, 0]
X14 = [0, 0, 0, 0, 0, 3 z3
2, 0, 0, 3 z4 − 2 z8z3, 6 z3, 0, 0, 0, 0,−z7 − 6 z3z11,−2 z3z13 − 2 z8,
3− 2 z3z14, 6, 0, 0, 0, 0, 0, 0, 4 z3
3, 12 z3z4 − 3 z8z3
2, 9 z3
2, 0, 4 z5 − 2 z7z3 − 3 z8z4
−6 z3
2z11 − 2 z3z28, 9 z4 − 4 z8z3 − 3 z3
2z13, 6 z3 − 3 z3
2z14, 12 z3, 0, 0, 30 z3
2z4,
−12 z8z3z4 + 15 z4
2 + 20 z5z3 − 6 z3
2z28 − 3 z7z3
2, 36 z3z4 − 6 z8z3
2, 9 z3
2, 90 z3z4
2
+60 z5z3
2, 0, 0, 0, 0]
X15 = [0, 0, 0, 0, 0, z3
3, 0, 0,−z8z3
2 + 3 z3z4, 3 z3
2, 0, 0, 0, 0,−z8z4 − z7z3 − 3 z3
2z11 + z5,
−z3
2z13 − 2 z8z3 + 3 z4, 3 z3 − z3
2z14, 6 z3, 0, 0, 0, 0, 0, 0, z3
4, 6 z3
2z4 − z8z3
3, 3 z3
3,
0,−z3
2z28 − z7z3
2 − 3 z8z3z4 + 3 z4
2 + 4 z5z3 − 2 z3
3z11,−z3
3z13 + 9 z3z4 − 2 z8z3
2,
−z3
3z14 + 3 z3
2, 6 z3
2, 0, 0, 10 z3
3z4,−z7z3
3 − 6 z8z3
2z4 − 2 z3
3z28 + 10 z5z3
2 + 15 z3z4
2,
18 z3
2z4 − 2 z8z3
3, 3 z3
3, 45 z3
2z4
2 + 20 z5z3
3, 0, 0, 0, 0]
X16 = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0,
0, 0, 0, 0, 0, 0]
X17 = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 5 z3,
−z8, 3, 0, 15 z4, 0, 0, 0, 0]
X18 = [0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 4 z3, 0, 0,−z8, 3, 0, 0, 0, 0,
10 z3
2, 10 z4 − 4 z8z3, 12 z3, 0, 60 z3z4, 0, 0, 0, 0]
30
X19 = [0, 0, 0, 0, 0, 0, 0, 0, 3 z3, 0, 0, 0, 0, 0,−z8, 3, 0, 0, 0, 0, 0, 0, 0, 0, 0, 6 z3
2, 0, 0, 6 z4 − 3 z8z3,
9 z3, 0, 0, 0, 0, 10 z3
3, 30 z3z4 − 6 z8z3
2, 18 z3
2, 0, 90 z3
2z4, 0, 0, 0, 0]
X20 = [0, 0, 0, 0, 0, 0, 0, 0, 3 z3
2, 0, 0, 0, 0, 0, 3 z4− 2 z8z3, 6 z3, 0, 0, 0, 0, 0, 0, 0, 0, 0, 4 z3
3, 0, 0,
12 z3z4 − 3 z8z3
2, 9 z3
2, 0, 0, 0, 0, 5 z3
4,−4 z8z3
3 + 30 z3
2z4, 12 z3
3, 0, 60 z3
3z4, 0, 0, 0, 0]
X21 = [0, 0, 0, 0, 0, 0, 0, 0, z3
3, 0, 0, 0, 0, 0,−z8z3
2 + 3 z3z4, 3 z3
2, 0, 0, 0, 0, 0, 0, 0, 0, 0, z3
4, 0, 0,
6 z3
2z4 − z8z3
3, 3 z3
3, 0, 0, 0, 0, z3
5, 10 z3
3z4 − z8z3
4, 3 z3
4, 0, 15 z3
4z4, 0, 0, 0, 0]
X22 = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
0, 1, 0, 0, 0, 0]
X23 = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0,
0, 6 z3, 0, 0, 0, 0]
X24 = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 5 z3,
0, 0, 15 z3
2, 0, 0, 0, 0]
X25 = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 4 z3, 0, 0, 0, 0, 0, 0,
10 z3
2, 0, 0, 20 z3
3, 0, 0, 0, 0]
X26 = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 3 z3, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 6 z3
2, 0, 0, 0, 0, 0,
0, 10 z3
3, 0, 0, 15 z3
4, 0, 0, 0, 0]
X27 = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 3 z3
2, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 4 z3
3, 0, 0, 0, 0, 0,
0, 5 z3
4, 0, 0, 6 z3
5, 0, 0, 0, 0]
X28 = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, z3
3, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, z3
4, 0, 0, 0, 0, 0, 0,
z3
5, 0, 0, z3
6, 0, 0, 0, 0]
31
T1 = [1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
0, 0, 0, 0, 0, 0]
T2 = [0, 0,−z3,−2 z4,−3 z5,−3 z6,−2 z7,−z8,−3 z9,−2 z10,−z11,−z12, 0, z14,−3 z15,
−2 z16,−z17,−z18, 0, z20, 0, z22, 2 z23, 3 z24,−4 z25,−4 z26,−3 z27,−2 z28,−4 z29,
−3 z30,−2 z31,−2 z32,−z33, 0,−5 z35,−5 z36,−4 z37,−3 z38,−6 z39, z40, 0,−z42,−2 z43]
T3 = [0, 0, 0,−z3,−3 z4, 0, z8,−3, 0, z11, 0, 2 z13, z14, 0, 0, z17, 0, 2 z19, z20, 0, 3 z22, 2 z23,
z24, 0,−6 z5,−3 z6,−2 z7 + z28,−z8,−3 z9,−2 z10 + z31,−z11, 2 z33 − z12, z34, z14,
−10 z25,−7 z26,−5 z27 + z38,−3 z28,−15 z35, 0, 0,−z40z3,−z42 − 2 z40z4]
T4 = [0, 0, 0, 0,−z3, 0,−1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,−4 z4, 0, z8,−3, 0, z11,
0, 2 z13, z14, 0,−10 z5,−3 z6,−2 z7 + 2 z28,−z8,−20 z25, 0, 0, 0,−z40z3]
T5 = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,−z3, 0,−1, 0, 0, 0, 0, 0, 0, 0,
−5 z4, 0, z8,−3,−15 z5, 0, 0, 0, 0]
T6 = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,−z3,
0,−1, 0,−6 z4, 0, 0, 0, 0]
T7 = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
0, 0,−z3, 0, 0, 0, 0]
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Appendix B: The nonzero commutators for the Lie
algebra L35 of the differential operators of the homo-
geneous linear system of PDEs (2.34)
[e2, e3] = e2, [e2, e5] = 2e4, [e2, e6] = e5, [e2, e8] = 3e7, [e2, e9] = 2e8,
[e2, e10] = e9, [e2, e12] = 4e11, [e2, e13] = 3e12, [e2, e14] = 2e13, [e2, e15] = e14,
[e2, e17] = 5e16, [e2, e18] = 4e17, [e2, e19] = 3e18, [e2, e20] = 2e19, [e2, e21] = e20,
[e2, e23] = 6e22, [e2, e24] = 5e23, [e2, e25] = 4e24, [e2, e26] = 3e25, [e2, e27] = 2e26,
[e2, e28] = e27, [e2, e30] = −e2, [e2, e31] = −e4, [e2, e32] = −e7, [e2, e33] = −e11,
[e2, e34] = −e16, [e2, e35] = −e22, [e3, e4] = −e4, [e3, e6] = e6, [e3, e7] = −e7,
[e3, e9] = e9, [e3, e10] = 2e10, [e3, e11] = −e11, [e3, e13] = e13, [e3, e14] = 2e14,
[e3, e15] = 3e15, [e3, e16] = −e16, [e3, e18] = e18, [e3, e19] = 2e19, [e3, e20] = 3e20,
[e3, e21] = 4e21, [e3, e22] = −e22, [e3, e24] = e24, [e3, e25] = 2e25, [e3, e26] = 3e26,
[e3, e27] = 4e27, [e3, e28] = 5e28, [e4, e5] = 3e7, [e4, e6] = e8, [e4, e8] = 6e11,
[e4, e9] = 3e12, [e4, e10] = e13, [e4, e12] = 10e16, [e4, e13] = 6e17, [e4, e14] = 3e18,
[e4, e15] = e19, [e4, e17] = 15e22, [e4, e18] = 10e23, [e4, e19] = 6e24, [e4, e20] = 3e25,
[e4, e21] = e26, [e4, e30] = −2e4, [e4, e31] = −3e7, [e4, e32] = −4e11, [e4, e33] = −5e16,
[e4, e34] = −6e22, [e5, e6] = e9, [e5, e7] = −4e11, [e5, e9] = 2e13, [e5, e10] = 2e14,
[e5, e11] = −5e16, [e5, e13] = 3e18, [e5, e14] = 4e19, [e5, e15] = 3e20, [e5, e16] = −6e22,
[e5, e18] = 4e24, [e5, e19] = 6e25, [e5, e20] = 6e26, [e5, e21] = 4e27, [e5, e30] = −e5,
[e5, e31] = −e8, [e5, e32] = −e12, [e5, e33] = −e17, [e5, e34] = −e23, [e6, e7] = −e12,
[e6, e8] = −e13, [e6, e10] = 2e15, [e6, e11] = −e17, [e6, e12] = −e18, [e6, e14] = 2e20,
[e6, e15] = 5e21, [e6, e16] = −e23, [e6, e17] = −e24, [e6, e19] = 2e26, [e6, e20] = 5e27,
[e6, e21] = 9e28, [e7, e8] = 10e16, [e7, e9] = 4e17, [e7, e10] = e18, [e7, e12] = 20e22,
[e7, e13] = 10e23, [e7, e14] = 4e24, [e7, e15] = e25, [e7, e30] = −3e7, [e7, e31] = −6e11,
[e7, e32] = −10e16, [e7, e33] = −15e22, [e8, e9] = 3e18, [e8, e10] = 2e19, [e8, e11] = −15e22,
[e8, e13] = 6e24, [e8, e14] = 6e25, [e8, e15] = 3e26, [e8, e30] = −2e8, [e8, e31] = −3e12,
[e8, e32] = −4e17, [e8, e33] = −5e23, [e9, e10] = 2e20, [e9, e11] = −5e23, [e9, e12] = −4e24,
[e9, e14] = 4e26, [e9, e15] = 5e27, [e9, e30] = −e9, [e9, e31] = −e13, [e9, e32] = −e18,
[e9, e33] = −e24, [e10, e11] = −e24, [e10, e12] = −2e25, [e10, e13] = −2e26, [e10, e15] = 5e28,
[e11, e30] = −4e11, [e11, e31] = −10e16, [e11, e32] = −20e22, [e12, e30] = −3e12, [e12, e31] = −6e17,
[e12, e32] = −10e23, [e13, e30] = −2e13, [e13, e31] = −3e18, [e13, e32] = −4e24, [e14, e30] = −e14,
[e14, e31] = −e19, [e14, e32] = −e25, [e16, e30] = −5e16, [e16, e31] = −15e22, [e17, e30] = −4e17,
[e17, e31] = −10e23, [e18, e30] = −3e18, [e18, e31] = −6e24, [e19, e30] = −2e19, [e19, e31] = −3e25,
[e20, e30] = −e20, [e20, e31] = −e26, [e22, e30] = −6e22, [e23, e30] = −5e23, [e24, e30] = −4e24,
[e25, e30] = −3e25, [e26, e30] = −2e26, [e27, e30] = −e27, [e30, e31] = e31, [e30, e32] = 2e32,
[e30, e33] = 3e33, [e30, e34] = 4e34, [e30, e35] = 5e35, [e31, e32] = 2e33, [e31, e33] = 5e34,
[e31, e34] = 9e35, [e32, e33] = 5e35.
(5.90)
33
References
[1] Y.Y. Bagderina, Equivalence of third-order ordinary differential equations to Chazy
equations I-XIII, Stud. Appl. Math. 120 (2008) 293-332.
[2] Y.Y. Bagderina, Invariants of a family of third-order ordinary differential equations,
J. Phys. A: Math. Theor. 42 (2009) 085204 (21pp).
[3] Olver, P.J., Equivalence, Invariants and Symmetry, Cambridge University Press,
Cambridge, 1995.
[4] Kogan, I.A., and Olver, P.J., Invariant EulerLagrange equations and the invariant
variational bicomplex, Acta Appl. Math. 76 (2003) 137-193.
[5] Olver, P.J., Applications of Lie Groups to Differential Equations, second edition,
Graduate Texts in Mathe- matics, vol. 107, SpringerVerlag, New York, 1993.
[6] L.V. Ovsiannikov, Group Analysis of Differential Equations, Academic Press, New
York, (1982).
[7] Reid, G.J., and Lisle, I.G., Symmetry classification using non-commutative invariant
differential operators, Found. Comput. Math. 6 (2006) 353-386.
[8] Mansfield, E.L., Algorithms for symmetric differential systems, Found. Comput.
Math. 1 (2001) 335-383.
[9] Martina, L., Sheftel, M.B. and Winternitz, P., Group foliation and non-invariant
solutions of the heavenly equation, J. Phys. A 34 (2001) 9243-9263.
34
[10] Nutku, Y. and Sheftel, M.B., Differential invariants and group foliation for the com-
plex MongeAmp‘ere equation, J. Phys. A 34 (2001) 137-156.
[11] S. Lie, U¨ber Differentialinvarianten, Math. Ann. 24 (1884) 537-578.
[12] S. Lie, Klassifikation und Integration von gewohnlichen Differentialgleichungen zwis-
chen x, y, die eine Gruppe von Transformationen gestatten I, II, Math. Ann. 32
(1888) 213-281.
[13] S. Lie, Geometrie der Berhrungstransformationen, Teubner, Leipzig, 1896
(Dargestellt von Sophus Lie und Georg Scheffers).
[14] S. Lie, U¨ber Integralinvarianten und ihre Verwertung fu¨r die Theorie der Differen-
tialgleichungen, Leipz. Berichte 4 (1897) 369-410.
[15] A. Tresse, Sur les invariant diffe´rentiels des groupes continus de transformations,
Acta Math. 18 (1894) 1-88.
[16] N.H. Ibragimov, Infinitesimal method in the theory of invariants of algebraic and
differential equations, Not. South Afr. Math. Soc. 29 (1997) 61-70.
[17] N.H. Ibragimov and F.M. Mahomed, Ordinary differential equations, CRC Handbook
of Lie Group Analysis of Differential Equations, vol. 3. N.H. Ibragimov ed., CRC
Press, Boca Raton (1996) 191.
[18] N.H. Ibragimov, Elementary Lie Group Analysis and Ordinary Differential Equa-
tions, Wiley, New York, 1999.
[19] N.H. Ibragimov, Laplace type invariants for parabolic equations, Nonlinear Dynam.
28 (2002) 125-133.
[20] N.H. Ibragimov, Invariants of a remarkable family of nonlinear equations, Nonlinear
Dynam. 30 (2002) 155-166.
35
[21] N.H. Ibragimov, C. Sophocleous, Differential invariants of the one-dimensional quasi-
linear second-order evolution equation, Commun. Nonlinear Sci. Numer. Simul. 12
(2007) 1133-1145.
[22] N.H. Ibragimov, C. Sophocleous, Invariants for evolution equations, Proc. Inst. Math.
NAS Ukraine 50 (2004) 142-148.
[23] N.H. Ibragimov, S.V. Meleshko, Linearization of third-order ordinary differential
equations by point and contact transformations, J. Math. Anal. Appl. 308 (2005)
266-289.
[24] I.K. Johnpillai, F.M. Mahomed, Singular invariant equation for the (1 + 1) Fokker-
Plank equation, J. Phys. A: Math. Gen. 28 (2001) 11033-11051.
[25] M. Torrisi, R. Tracina`, A. Valenti, On the linearization of semilinear wave equations,
Nonlinear Dynam. 36 (2004) 97-106.
[26] M. Torrisi, R. Tracina`, Second-order differential invariants of a family of diffusion
equations, J. Phys. A: Math. Gen. 38 (2005) 7519-7526.
[27] R. Tracina`, Invariants of a family of nonlinear wave equations, Commun. Nonlinear
Sci. Numer. Simul. 9 (2004) 127-133.
[28] Gardner R B 1989 The Method of Equivalence and Its Applications (Philadelphia:
SIAM).
[29] Chern S S 1940 The geometry of the differential equation y′′′ = f(x, y, y′, y′′) Sci.
Rep. Natl Tsinghua Univ. 4 97-111
[30] S. Neut and M. Petitot 2002 La ge´ome´trie de le´quation y′′′ = f(x, y, y′, y′′), C. R.
Acad. Sci. Paris Se´r. I 335 515-518.
[31] U. Mugan and F. Jrad 1999 Painleve´ test and the first Painleve´ hierarchy, J. Phys.
A: Math. Gen. 32 7933-7952.
36
[32] U. Mugan and F. Jrad 2002 Painleve´ test and higher order differential equations, J.
Nonlinear Math. Phys. 9, Nr.3 282-310.
[33] Valentin F. Zaitsev, Andrei D. Polyanin 2002 Handbook of Exact Solutions for Or-
dinary Differential Equations, CRC Press, Boca Raton, 559.
[34] M. Dunajski and W. Kryn´ski, Point invariants of third-order ODEs and
hyper-CR EinsteinWeyl structures, Journal of Geometry and Physics (2014),
http://dx.doi.org/10.1016/j.geomphys.2014.08.012.
37
